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MODELING OF THE GRAVITATIONAL FLOW OF A GRANULAR MEDIUM:  
THE ROLE OF BOUNDARY CONDITIONS AND THEIR PARAMETERS 

 
ANNOTATION 
The flow of granular materials is critical to a wide variety of industrial processes. However, 

the influence of boundary conditions on the parameters of the gravitational flow of granular materials 
underlying granular flows is poorly understood.  

The aim of this work is to study the influence of boundary conditions on the slope (substrate 
material and its roughness) on the parameters of the gravitational flow of the material, determined by 
the equation of state of the granular medium. In the course of the study, the equations of state of the 
granular medium were determined and the primary influence on the relationship between the 
dilatancy and the "temperature" of the granular medium was established, which affects the degree of 
its roughness. 
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ДОНАДОР МУҲИТНИНГ ГРАВИТАЦИОН ОҚИМИНИ МОДЕЛЛАШТИРИШ: 

ЧЕГАРАВИЙ ШАРТЛАРИНИНГ РОЛИ ВА УЛАРНИНГ ПАРАМЕТРЛАРИ   
 

ANNOTATSIYA 
Donador materiallar oqimi turli xil sanoat jarayonlari uchun juda muhimdir. Biroq, chegara 

sharoitlarining donador oqimlar ostidagi donador materiallarning tortishish oqimi parametrlariga 
ta'siri yomon tushunilgan. 

Ishning maqsadi nishabdagi chegara sharoitlarining (substrat materiali va uning qo‘polligi) 
granüler muhit holati tenglamasi bilan aniqlangan materialning tortishish oqimining parametrlariga 

ta'sirini o‘rganishdir. Tadqiqot jarayonida donador muhitning holati tenglamasi aniqlandi  
va kengayish va uning pürüzlülük darajasiga ega bo‘lgan donador muhitning "harorati" o‘rtasidagi 
bog‘liqlikka asosiy ta'sir o‘rnatildi. 

Kalit so‘zlar: donador muhit, siljish deformatsiyasi, kvaziffuziya aralashtirish. 
 
 

МОДЕЛИРОВАНИЕ ГРАВИТАЦИОННОГО ТЕЧЕНИЯ ЗЕРНИСТОЙ СРЕДЫ: 

РОЛЬ ГРАНИЧНЫХ УСЛОВИЙ И ИХ ПАРАМЕТРЫ 
 

АННОТАЦИЯ 
Поток зернистых материалов имеет решающее значение для широкого спектра 

промышленных процессов. Однако, влияние граничных условий на параметры 

гравитационного течения зернистых материалов, лежащий в основе гранулированных 

потоков, плохо изучена.  
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Целью работы является исследование влияния граничных условий на скате (материала 

подложки и его шероховатости) на параметры гравитационного течения материала, 

определяемые уравнением состояния зернистой среды. В ходе исследования определена 

уравнения состояния зернистой среды и установлено первостепенное влияние на взаимосвязь 

между дилатансией и «температурой» зернистой среды оказывающий на степень  
ее шероховатости.  

Ключевые слова: зернистая среда, деформация сдвига, газодиффузионное 
перемешивание. 
 

Introduction 
The production and processing of granular materials is associated with the implementation of 

various technological processes: grinding, mixing, granulation, transportation, sorting, drying, and 
others. For the rational organization of processes, it is necessary to take into account the features of 
the interaction of particles, depending on the nature of their movement, both on the working bodies 
of the corresponding equipment, and in devices for carrying out auxiliary operations: transportation, 
loading. Insufficient consideration of the features of the movement of granular media can lead to a 
violation of the technological regime and, as a result, to a deterioration in the quality of the product. 
It is known that fast gravitational flow of granular materials is one of the most common types of 
flows. 

Significant in terms of the number of processes, such as hydro mechanical and heat and mass 
transfer processes for processing granular materials, as well as auxiliary technological operations, 
proceed in the mode of fast gravitational flow. A significant feature of this kind of flows is the 
presence of a condition for the rapid shear of material particles, as a result of which the particles 
acquire a significant speed of chaotic movement. Such a roll of a flow is often called initial, since 
their regularities are determined by the inertia of the particles and the transfer of momentum during 
their mutual collision in the flow [1–5]. In this regard, the study of the influence of boundary 
conditions on the parameters of the gravitational flow of the material is relevant today. 

Research Methods 
The study of the influence of boundary conditions on the parameters of the gravitational flow 

of the material was carried out in the scientific laboratory of the Tashkent Institute of Chemical 
Technology. To determine the physical and mechanical properties of granular materials and the 
recovery factor at low collision speeds, respectively, standard methods and a method based on the 
analysis of sound vibrations were used.  

To calculate the specific dissipation energy in the collision of particles, the oblique impact 
hypothesis (Rouse) was used. Also, to process the results of the data obtained and check the adequacy 
to the real process, physicochemical methods of research and planning of a multifactorial experiment 
using the MATLAB application package were used. 

Result and discussion 
An analysis of fast gravitational flows of granular materials shows that they are accompanied 

by mutual displacement of particles, which is of a very complex nature [1,6-10]. On the one hand, 
due to the difference in the rates of translational movement of particles in the direction of the slope, 
the particles have a relative shear velocity, and on the other hand, due to mutual collisions of particles, 
the latter acquire an additional component of the rate of chaotic movements. The result of the chaotic 
movement of particles is a transverse mass transfer in a shear flow. Transverse mass transfer in a 
shear flow is accompanied by momentum transfer, which is carried by particles moving at different 
speeds depending on the coordinate. Obviously, the transverse mass transfer under such conditions 
leads to an increase in the intensity of the mutual movement of particles. In this case, the intensity of 
the mutual movement of particles will increase in proportion to the coefficient of transverse quasi-
diffusion of particles Ddif and the gradient of the speed of translational motion of particles in the shear 
direction - the shear rate du/dy.  
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If this intensity is estimated through the kinetic energy of the corresponding masses, and the 

quasi-diffusion coefficient is determined as the product of the fluctuation velocity of particles and the 
average distance between particles [11–14], then we obtain the corresponding calculated dependence: 

dy

du
VsEпм
= 

4

1                           (1) 

The fluctuation velocity V’ of particles is determined from the energy balance equation in the 
form 
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where ес - is the fraction of the kinetic energy dissipated during the collision of particles. 
 Taking into account the results of the study carried out in [15-18], the fraction of energy 
dissipated during the collision of particles is determined as a function of the physical and mechanical 
properties of the material using the following relationship:
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The kinetic energy of mutual displacements of particles due to their fluctuation velocity can be 
determined as follows: 

 
 
 

 
The average value of the relative velocity of particles as a result of their different translational 

velocity in the shear flow is calculated as the product of the average shear velocity and the difference 
in the coordinates of the centers of particles of different layers ∆у=bd, i.е. 

dy

du
bdVОTI =  

Then the kinetic energy of the particles in their relative translational movement in the shear 
direction can be calculated using the following expression: 
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In accordance with the complex nature of the motion of particles in a gravitational flow, the 
kinetic energy of their mutual displacements is defined as the sum of the kinetic energies of 
particles in their relative translational displacement during shear Е sh, during their chaotic motion 
Еm and transverse mass transfer Еmt: 

MTMSHОТI EEEE ++=                                               (5) 

After substituting into relation (5) the values of the energy components in accordance with 
expressions (1), (3) and (4) and replacing the velocity fluctuation V   with expression (2), we obtain 
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where φ is a complex that determines the dissipative component of energy and depends on the flow 
conditions of particles (ε, du/dy), their size and physical and mechanical properties 
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 The forms of mutual movement of particles taken into account in a fast gravitational flow are 

accompanied by their collisions, as a result of which the mechanical energy of the particles is 
dissipated. Moreover, in a steady flow, the relative velocity of colliding particles and the frequency 
of their collisions are so high that they provide complete dissipation of the energy generated by the 
shear. 

Using the obtained expression for the "temperature" of the granular medium (6), we write the 
corresponding equation of state of the granular medium in the following form [19-22]: 
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To assess the adequacy of the equation of state of a granular medium (7), a comparison was 
made [10,15] of the velocity and porosity profiles for the flow of ceramic granules (d=6,6-10-3м), 

obtained using X-ray study and by using an experimental-analytical method based on the equation of 
state (7). 

Further study of the prognostic properties of the equation of state of a granular medium (7) 
was carried out [25] by determining the coefficient χ as a function of the conditions for the flow of a 
granular material and the physical and mechanical properties of its particles. At this stage of the 
study, not only model granular materials (Table 1) with a wide range of physical and mechanical 
properties and particle geometry were used, but also rough slopes with different roughness 
geometries made of various materials. At the same time, only beads and ceramic granules can be 
attributed to the class of incoherent inelastic granular materials with particles close in shape to 
spherical ones. Polyethylene granules did not fully correspond to the specified class of materials, due 
to the more complex shape of the particles, which are cylinders with a ratio of length to diameter 
equal to 0.6 ... 0.7 with smooth edges. 

Ammophos granules, however, not only did not correspond to spheres due to the presence of 
a significant number of sharp and smoothed edges on their surface, but also were distinguished by a 
clear manifestation of a tendency to abrasion. Due to abrasion, ammophos particles were replaced by 
new ones after each series of parallel experiments. The particle shape factor given in the table is 
calculated as the ratio of the particle surface to the surface of a sphere of equivalent volume. The 
value of the surface of the particles is determined experimentally by an indirect method, as a value 
proportional to the mass of the liquid film that wets the surface of the particle. 

The study of the coefficient of the equation of state of a granular medium (7) was carried out 
for various materials under the conditions of a steady-state developed gravitational flow [15]. 
             Figure 1 shows the results of studying the coefficient χ of the equation of state for a granular 
medium (7) as a function of the relative layer height h/d on a rough slope for granular materials (Table 
1). 

Physical and mechanical properties of granular materials were determined using standard 
methods [26].  

The recovery coefficient at low collision velocities was determined using a method based on 
the analysis of sound vibrations generated in a monolith on a substrate by a spherical particle during 
its multiple jumps [27].  

The reduction factor λ was determined using the method proposed in [27]. 
 

Table 1. Properties of model materials 
 

 
            Material 

 
Properties 

 
Glass 
beads 

Ceramic 
granules 

High density 
polyethylene 

granules 

Ammophos 
granules 

Equivalent particle diameter, d=10-3m 3,385 6,6 4,1 2,2 
Shape factor 1 1 1,27 1,54 
Material density, kg/m3 2500 2086 920 1670 



  

  

Friction coefficient, μ 0,1 0,44 0,4 0,7 
Reduction factor, λ 0,28 0,57 0,67 0,9 
Recovery factor, k 0,92 0,67 0,65 0,25 
Angle of repose, α0, degrees 26 36 41 36 
Transparency of the fixed layer ɛ0, 
м3·м-3 

0,37 0,4 0,42 0,4 

 
The above results indicate that for non-cohesive inelastic granular materials consisting of 

particles close to spherical in shape (beads and ceramic granules), the correlation coefficient χ 
between the work on dilatancy of the granular medium under fast shear (  ) and the 
"temperature" of the granular medium is close to unity and practically does not depend on the flux 
value in the studied range of its change. For this kind of granular materials, the equation of state 
for fast shear can be represented as 

ОТIЕ=                                                                 (8) 

 

 
Figure 1. Dependence of the coefficient χ of equation (7) of the state of a granular medium  

on the relative layer height h/d on a rough slope at a relative angle 
 of 1.1 for granular materials. ○-beads, ∆-ceramic granules, □-polyethylene granules;  

ammophos x-granules 
 

To a certain extent, this result can be considered as confirmation of the adequacy  
of the phenomenology underlying the equation of state for a granular medium (7). At the same  
time, there is a significant dependence of the relationship coefficient on the flow rate of non- 
spherical polyethylene granules, especially in the region of small thicknesses of the material layer on 
the slope, which, apparently, indicates the complex nature of the influence of the particle shape factor 
on the relationship between porosity, pressure, and shear rate in fast gravitational flow of granular 
material. 

Analysis of the profiles reveals that with an increase in the thickness of the ammophos layer, 
a paradoxical increase in porosity in the central part of the flow is observed, accompanied by  
a decrease in the shear rate. When explaining the reasons for such a change in the flow parameters,  
a hypothesis was proposed for an increase in the "connectivity" of ammophos particles with 
increasing pressure, due to their complex shape and tendency to attrition. 

In order to confirm this hypothesis, a study was made of the dynamic coefficient of friction as 
a function of normal pressure. The dynamic coefficient of friction is defined as the ratio of shear and 
normal stresses [29].  
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The study was carried out using a simple shear cell according to the standard technique [25] 

in the range of stress changes corresponding to the conditions of ammophos flow at different layer 
thicknesses. 

The results of the study, shown in Figure 2, indicate a significant increase in the dynamic 
coefficient of friction with an increase in normal pressure (layer thickness). The result obtained can 
be considered as a consequence of an increase in the connectivity of ammophos particles with an 
increase in the normal stress. This is obviously due to the fact that an increase in the pressing force 
against each other of rough particles of irregular shape, prone to abrasion, leads to an increase in the 
number of contact points and bridges between them. As a result, some effective connectivity of 
particles appears, which, when the medium is shifted, causes the formation of agglomerates and 
additional voids between them, which contribute to an increase in porosity in the flow. 

As a result of this increase in connectivity and the secondary effect of porosity, a paradoxical 
increase in the dilatancy of the medium is observed, accompanied by a decrease in temperature, which 
causes the anomalous coefficient χ of the equation of state of the medium with an increase in the 
thickness of the ammophos layer on the slope. 

Literary sources [11,15,26] indicate that the flow parameters are significantly affected by the 
interaction of the gravitational flow of a granular medium with a rough slope. 

The study of the influence of the material of the substrate installed on the slope and the 
conditions of interaction of flow particles with it on the relationship coefficient χ of the equation of 
state of a granular medium (7) indicates that different adhesion conditions on the substrates were 
provided due to the different geometry of the substrate roughness. 

 

 
Figure 2. Dynamic coefficient of friction as a function of normal  

stresses for granular ammophos 
 

Obviously, the named component of the energy of mutual displacements of particles should 
be determined by the boundary conditions of the flow at the bottom of the layer as a factor affecting 
the dilatancy of the granular medium. Since the proposed method for determining the velocity and 
porosity profiles in a gravitational flow assumes the presence of a no-slip condition on a rough slope, 
the sliding of particles on substrates becomes an unaccounted factor that reduces the dilatancy of a 
granular medium in a shear flow.  

It is likely that the result of partial slippage of the granular material on the substrate is an 
underestimated value of the flow dilatancy, and, as a consequence, the appearance of fractional values 
of the coefficients. 
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An additional indirect confirmation of the conclusions drawn can be the results of a study  

by foreign and domestic researchers [29, 30], who observed a decrease in the dilatancy of granular 
media in gravitational flows when particles slip on the substrate without a decrease in shear rate 
during the transition from a developed gravitational flow to a splashing one. 

Conclusion  
The conducted studies on the influence of the boundary conditions on the slope (substrate 

material and its roughness) on the parameters of the gravitational flow of the material, determined by 
the equation of state of the granular medium, make it possible to rationally organize the processes: 
grinding, mixing, granulation, transportation, sorting, drying, etc. the relationship between dilatancy 
and the "temperature" of a granular medium is influenced not by the substrate material, but by the 
degree of its roughness.  

When particles slip on the substrate, a zone of additional absorption of the energy of chaotic 
movements of particles is formed, which leads to a decrease in the “temperature” in the flow of 

granular material. 
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